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We show that dynamical quantum phase transitions (DQPTs) in the quench dynamics of two-
dimensional topological systems can be characterized by a dynamical topological invariant defined
along an appropriately chosen closed contour in momentum space. Such a dynamical topological
invariant reflects the vorticity of dynamical vortices responsible for the DQPTs, and thus serves as a
dynamical topological order parameter in two dimensions. We demonstrate that when the contour
crosses topologically protected fixed points in the quench dynamics, an intimate connection can be
established between the dynamical topological order parameter in two dimensions and those in one
dimension. We further define a reduced rate function of the Loschmidt echo on the contour, which
features non-analyticities at critical times and is sufficient to characterize DQPTs in two dimensions.
We illustrate our results using the Haldane honeycomb model and the quantum anomalous Hall
model as concrete examples, both of which have been experimentally realized using cold atoms.
The discovery of topological matter extends our un-
derstanding of quantum phases and phase transitions be-
yond the conventional Landau paradigm, where phases of
matter are characterized by symmetry properties and lo-
cal order parameters [1]. Instead, topological phases are
parameterized by non-local topological invariants, which
are related to the topology of ground-state wavefunc-
tions [2, 3]. Recent studies of topological phenomena
in dynamical processes advance the frontier even further
and raise the interesting question on the relation between
topology and out-of-equilibrium dynamics [4–33]. An
outstanding achievement here is the experimental obser-
vation of dynamical quantum phase transitions (DQPTs)
in the quench dynamics of a two-dimensional topological
system [30]. The emergence of DQPTs therein are not
only intimately connected with the ground-state topol-
ogy of the initial and final Hamiltonians of the quench,
but are also accompanied by the creation or annihilation
of dynamical vortices in momentum space.
Proposed by Heyl et al. [14, 15], the DQPT occurs as
the Loschmidt amplitude G(t) = 〈ψi|e−iHft|ψi〉 vanishes
at critical times in a quench process, where a system
prepared in an eigenstate |ψi〉 of the initial Hamiltonian
H i evolves under a distinct final Hamiltonian H f. Due
to the formal similarity between the Loschmidt ampli-
tude and the canonical partition function with an imag-
inary temperature, zeros of the Loschmidt amplitude in
real time are identified as dynamical Fisher zeros and
give rise to dynamical phase transitions [30, 34], just as
Fisher zeros (or Lee-Yang zeros) in the partition func-
tion leading to phase transitions at equilibrium [35, 36].
Correspondingly, at critical times of the DQPT, the rate
function of the Loschmidt echo, g(t) = −1/N ln |G(t)|2
(N is the number of degrees of freedom) [14], becomes
non-analytical in the thermodynamic limitN →∞, anal-
ogous to the non-analyticity of free energies at thermal
critical points.
In one dimension, it has been shown that the onset of
DQPTs is characterized by a dynamical topological or-
der parameter (DTOP), which is quantized and can only
change its value at critical times [18]. In two dimensions,
whereas DQPTs are shown to exist in the quench dy-
namics of two-dimensional topological systems [37, 38],
an important question remains regarding the underlying
DTOP. In a recent theoretical study, a generalized wind-
ing number has been considered to serve as the dynami-
cal topological invariant [39]. However, its relation with
the dynamical vortices, which serve as the effective order
parameter in the experiment, is not immediately clear.
Motivated by the experimental observation, we study
DQPTs and the underlying DTOP in the quench dy-
namics of a general two-band topological system in two
dimensions. We show how a dynamical topological in-
variant can be systematically constructed from the Pan-
charatnam geometric phase (PGP) on closed contours in
momentum space, which serves as the DTOP for DQPTs
in two dimensions. Interestingly, DTOP in two dimen-
sions are intimately connected to that in one dimension
for contours pinned by a pair of topologically protected
fixed points, where the PGP vanishes at all times. These
fixed points necessarily exist when the system is quenched
between topological phases with different absolute value
of the Chern number. Based on these understandings,
we define a reduced rate function on the one-dimensional
contour, which shows non-analyticities at critical times.
This is in contrast to previous discussions, where the rate
function is integrated over the two-dimensional Brillouin
zone (BZ) and the non-analyticities emerge only in the
first derivative of the rate function [30, 37–40]. Finally,
we illustrate our main results using the Haldane hon-
eycomb model and the quantum anomalous Hall model
as two concrete examples. Our work offers a system-
atic scheme to characterize the DQPT and construct the
DTOP in two dimensions, which should greatly simplify
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2their experimental detection.
DQPTs in two dimensions:— We consider the quench
dynamics of a general two-band model in two dimensions.
The Bloch Hamiltonian can be written as
H(k) = h(k) · σ, (1)
where σ = (σ1, σ2, σ3) is a vector of Pauli matrices. At
t = 0, the system in each quasi-momentum sector is pre-
pared in the ground state |ψi−〉 of the initial Hamiltonian
H ik, which is then subject to a unitary time evolution
governed by the final Hamiltonian H fk. Note that due to
the lattice-translational symmetry, the time evolutions in
different k-sectors are decoupled. The state of the sys-
tem evolves according to |ψ(k, t)〉 = ∑α=± cαe−ifαt|ψfα〉,
where cα := 〈ψfα|ψi−〉 and
∑
α |cα|2 = 1. Here, fα = αEfk
and |ψfα〉 are respectively the eigenvalues and eigenvec-
tors of H fk.
The Loschmidt amplitude is then
G(t) =
∏
k∈1BZ
Gk(t) =
∏
k∈1BZ
〈ψi−(k)|ψ(k, t)〉, (2)
where k runs over the 1BZ. It is then straightforward
to derive Gk(t) := |Gk(t)| eiφk(t) = |c−(k)|2 eiEfkt +
|c+(k)|2 e−iEfkt. For future reference, we also define
the PGP as φGk (t) := φk(t) − φDk (t), where the dy-
namical phase φDk (t) = −
∫ t
0
dt′〈ψ(k, t′)|H fk |ψ(k, t′)〉 =
(|c−(k)|2 − |c+(k)|2)Efkt.
When either c−(k) = 0 or c+(k) = 0, φGk (t) vanishes at
all times. We therefore identify the momenta satisfying
c− = 0 or c+ = 0 as two distinct kinds of fixed points
in the quench dynamics. Note that c± cannot vanish
simultaneously at the same k, as otherwise |ψi−(k)〉 =∑
α cα(k)|ψfα(k)〉 = 0. These fixed points correspond to
cores of static vortices observed in the azimuthal phase
of the time-evolved state [30]. Importantly, it has been
established that the number of fixed points with cα = 0
should be at least
∣∣C i− − Cfα∣∣ each [17, 19, 41], where Cβα
(β = i, f) is the Chern number corresponding to the α
band of Hβ . In this sense, the existence of fixed points
in the quench dynamics are topologically protected.
Given a pair of fixed points of different kinds, which
necessarily exist when the system is quenched between
topological phases with different absolute value of the
Chern number, we can always connect them by a smooth
curve in the BZ. As |c+(k)| − |c−(k)| is a continuous
function, there must be at least one critical momentum
kc on the curve, with |c−(kc)| = |c+(kc)|. These critical
points should form a closed loop lc in momentum space,
encircling one of the fixed points. For any given kc ∈ lc,
Gkc(t) vanishes at critical times tc = (2n + 1)pi/2Efkc
(n ∈ N), when φGkc(tc) become ill-defined, corresponding
to the emergence of dynamical vortices centered at kc.
These vortex cores are dynamical Fisher zeros, which
emerge, evolve, and annihilates in time on lc. DQPTs
FIG. 1: (a) F and F ′ are a pair of distinct fixed points, where
either c− = 0 or c+ = 0. On the closed loop lc (red), we
have |c−| = |c+|, and z(kc, tc) indicates a dynamical Fisher
zero, which emerges, evolves and annihilates on lc during
the dynamics. The DTOP νD is defined along the contour
lw = l1
⋃
l2, where l1 (blue) and l2 (purple) are smooth curves
connecting the fixed points. The arrows along lw indicate the
direction of integral.
occur at times when dynamical Fisher zeros appear on
or disappear from lc [30].
We note that the existence of lc and hence DQPTs are
topologically protected when they are related to a pair
of topologically protected fixed points. Whereas there
could be coincidental critical points kc and tc that are
not related to fixed points, we focus on the case where
only topologically protected critical points exist. Under
this condition, dynamical Fisher zeros must appear or
disappear in pairs on lc, corresponding to the vortex-
anti-vortex pairs observed in the recent experiment [30].
This is guaranteed by the Hopf theorem, which states
that the total vorticity of the BZ should be zero, due to
the T 2 topology of BZ [42].
DTOP and the reduced rate function:— As DQPTs in
two dimensions are signaled by dynamical vortices in mo-
mentum space, a natural choice of the DTOP is the vor-
ticity of these vortices. To this end, we first define a
dynamical winding number on an arbitrary closed con-
tour lw in the BZ
νD(t) :=
1
2pi
∮
lw
∇φGk (t) · dl =
1
2pii
∮
lw
∂Gk(t)
Gk(t) . (3)
Defining the area enclosed by lw as Sw, we have that
νD(t) is the sum of residues of 1/Gk(t) at any given time t
in Sw, which is essentially the total vorticity of dynamical
vortices in Sw.
To reflect DQPTs in the overall quench dynamics, one
therefore needs to find a contour that encompasses all in-
dependent dynamical vortices in the BZ. Note that due to
the lattice symmetry as well as the discrete symmetry in
vortex-anti-vortex pairs, not all dynamical vortices in the
BZ are independent. A systematic way for constructing
such a contour is illustrated in Fig. 1. We start by find-
ing two fixed points of different kinds in the BZ. We then
connect them with two smooth curves l1 and l2, both of
which intersect with lc. We require these intersections
to be the closest points on lc which have the largest and
3the smallest Efk, respectively. The two intersections thus
correspond to locations where the dynamical Fisher ze-
ros appear and disappear, respectively. Without loss of
generality, we assume that the intersection between l1
(l2) and lc to have the largest (smallest) E
f
k. Finally,
we denote lw = l1
⋃
l2, and define the winding number
νD(t) according to Eq. (3), which serves as the DTOP
for DQPTs in two dimensions.
Interestingly, as the PGP vanishes at fixed points, we
can further define winding numbers along l1 and l2, re-
spectively,
νD1,2(t) :=
1
2pi
∫
l1,2
∇φGk (t) · dl, (4)
which characterizes the S1 → S1 mapping from l1 (l2) to
eiφ
G
k (t) on l1 (l2). The winding numbers ν
D
1,2 can there-
fore be regarded as DTOPs of ancillary one-dimensional
systems along l1,2, with the Loschmidt amplitudes
G˜1,2(t) =
∏
k∈l1,2
Gk(t). (5)
According to the theory of DQPT in one dimension [18],
νD1,2(t) are quantized and can only change their values
when G˜1,2(t) vanish at some critical times. This corre-
sponds to dynamical vortices appearing or disappearing
on the boundary at l1 or l2 while entering or leaving Sw.
Naturally, νD(t) = νD1 (t) + ν
D
2 (t), i.e., the vorticity of
the dynamical vortices in Sw can only change when dy-
namical vortices move across its boundary. Therefore,
we have shown that DQPTs in the quench process of a
two-dimensional system can be characterized by a DTOP
defined on an appropriately chosen contour in the BZ,
which can be further decomposed into DTOPs along the
one-dimensional segments of the contour.
Based on the understanding that information on the
appropriately chosen contour lw is sufficient to charac-
terize DQPTs in two dimensions, we now introduce the
reduced rate function
gr(t) := − 1
2pi
∫
k∈lw
dk ln |Gk(t)|2, (6)
where only the Loschmidt amplitude on the contour lw
contributes. From our previous analysis, gr(t) demon-
strates non-analyticities at critical times of the DQPTs
of the two-dimensional system. We note that, in general,
the choice of lw is not unique, and it does not have to
cross the fixed points. As long as Sw contains all the in-
dependent dynamical vortices in the BZ, a reduced rate
function can be defined on its boundary lw to character-
ize DQPTs of the two-dimensional system. In practice,
however, as fixed points are typically located at high-
symmetry points of the BZ, including them in lw is intu-
itive and straightforward.
FIG. 2: (a) Topological phase diagram and (b) the BZ of the
Haldane honeycomb model. For the quench process consid-
ered here, the fixed points are located at K and K′, where
c+ = 0 and c− = 0, respectively. On the closed loop lc (red),
we have |c−| = |c+|. We define the winding numbers νD1 and
νD2 along the loops l1 (blue) and l2 (purple), respectively.
Haldane honeycomb model:— We now study the
DQPTs in the quench dynamics of a Haldane honey-
comb model as a concrete example [43]. Under the
tight-binding approximation and focusing on the low-
est bands, we write the Bloch Hamiltonian Hk in the
form of Eq. (1) by neglecting the term proportional to
the identity matrix. We have h(k) = (h1, h2, h3), where
h1(k) = t1
∑3
j=1 cos(k · aj), h2(k) = t1
∑3
j=1 sin(k · aj),
and h3(k) = M − 2t2 sinφ
∑3
j=1 sin(k ·bj). Here, t1 and
t2 are respectively the nearest- and next-nearest-neighbor
hopping rate, and M is the staggered mass. We also have
a1 = a0(
√
3, 1)/2, a2 = a0(−
√
3, 1)/2, a3 = a0(0,−1),
b1 = a2 − a3, b2 = a3 − a1, and b3 = a1 − a2, with a0
being the lattice constant.
We consider a sudden quench process, where the
ground state of H i evolves according to H f. For con-
creteness, we consider the case where H i is characterized
by the parameters (ti1/t2 = 4,M
i/t2 = 10
√
3, φi = 0) and
H f by (tf1/t2 = 4,M
f = 0, φf = pi/2). Here we have used
t2 = t
i
2 = t
f
2 as the unit of energy. According to the phase
diagram Fig. 2(a), the system is initially in the topolog-
ically trivial regime with C i− = 0, and is quenched into
the topologically non-trivial regime with Cf± = ∓1. As
indicated in Fig. 2(b), the fixed points in this case are
at K and K ′ of the BZ, with lc encircling K ′. Under
the symmetry of the Bloch Hamiltonian, we construct
the contour lw from l1 and l2 as shown in Fig. 2(b). The
segment of lc intersected by lw is only one-sixth of lc but
is sufficient to capture the DQPTs of the quench process.
In Fig. 3(a)(b), we show the reduced rate function gr(t)
calculated on lw, as well as the winding numbers ν
D
1,2(t)
and the DTOP νD(t). gr(t) exhibits non-analyticities
at exactly the same critical times as calculated from the
derivative of the full rate function g′(t) = ∂g(t)/∂t. Here
g(t) is calculated by integrating −1/(2pi)2 ln |G(t)|2 over
one-third of BZ [30] due to the lattice symmetry. In
Fig. 3(a), the critical time scale t
(1)
c corresponds to a dy-
namical vortex emerging at the intersection between l1
and lc, which will enter the region enclosed by lw imme-
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FIG. 3: DQPT in the quench dynamics of the Haldane honeycomb model. (a) The reduced rate function gr(t) (blue solid) and
the first derivative of the full rate function g′(t) (red dash-dotted). Red dots indicate different times shown in (c), and vertical
dash-dotted (dashed) lines indicate the time of appearance (disappearance) of dynamical vortices. (b) The DTOP νD(t) and
the winding numbers νD1 (t), ν
D
2 (t). (c) The phase profile φ
G
k (t). Red arrows indicate the cores of dynamical vortices in Sw,
which evolve in time on lc (red circle). Parameters of the quench process are given in the main text, under which the two
critical time scales t
(1)
c = mink∈lc
(
pi/2Efk
) ≈ 0.22 and t(2)c = maxk∈lc (pi/2Efk) ≈ 0.39. Here the unit of time is taken to be
1/t2.
diately afterward. In contrast, the critical time scale t
(2)
c
corresponds to a dynamical vortex disappearing at the in-
tersection between l2 and lc. These are well captured by
νD(t) as shown in Fig. 3(b), where it directly reflects the
total vorticity of dynamical vortices in Sw. Interestingly,
νD(t) becomes 2 for 5t
(1)
c < t < 3t
(2)
c , which suggests
the existence of two dynamical vortices in Sw. Finally,
we plot the time-dependent phase profiles in Fig. 3(c),
where the evolution of the dynamical vortices are clearly
visible.
Quantum anomalous Hall model:— As another exam-
ple, we consider the quench dynamics of quantum anoma-
lous Hall model, which has been experimentally realized
on an optical Raman lattice [33, 44, 45]. Focusing on the
lowest s-band physics and under the tight-binding ap-
proximation, we write the Bloch Hamiltonian in the form
of Eq. (1), with h1(k) = 2tso sin ky, h2(k) = 2tso sin kx,
and h3(k) = mz − 2t0 cos kx − 2t0 cos ky. Here tso is
the Raman-assisted spin-flipping hopping rate, t0 is the
nearest-neighbor spin-conserving hopping rate, and mz
is an effective Zeeman field. The ground state of the
system at half-filling is topologically non-trivial with a
Chern number C = sgn(mz) for |mz| ∈ (0, 4t0).
When the system is quenched from a topologically triv-
ial regime into a topologically non-trivial regime, a pair
of topologically protected fixed points exist, located at
Γ (c− = 0) and M (c+ = 0) points of the BZ, with lc
encircling the Γ point. As illustrated in Fig. 4, we con-
struct l1,2, which encircle one-eighth of lc. We show in
- 0
-
0
-1
-0.5
0
0 2 4
FIG. 4: DQPTs in the quench dynamics of the Quantum
anomalous Hall model. (a) BZ with fixed points and con-
tours. (b) The reduced rate function gr(t) (blue solid), the
DTOP νD(t) (black solid), and the first derivative of the full
rate function g′(t) (red dash-dotted). Here the Hamiltonian
is quenched from miz/t0 = 6 to m
f
z/t0 = 2, while we fix
tso/t0 = 1/2. The two critical time scales are 1.31 and 1.53,
respectively. The unit of time is taken to be 1/t0.
Fig. 4 νD(t) and gr(t), which reveal two critical time
scales, consistent with results from the derivative of the
full rate function. Here the full rate function g(t) is cal-
culated by integrating over one-fourth of the BZ. Note
that an additional fixed point exist at Y with c+ = 0. As
we have discussed previously, the inclusion of Y in lw is
convenient but not crucial, as long as the segment of lc
in Sw (see Fig. 4(a)) is unchanged.
Final remarks:— Whereas we mainly focus on the con-
struction of the contour in the presence of a single pair of
topologically protected fixed points, our discussion can
be seen as the basic building block when more fixed
5points exist. This is the case, for example, when the
quench is between topological phases with a large Chern-
number difference. One should then construct a contour
for each pair of fixed points, and the overall DTOP, as
well as the reduced rate function, should include contri-
butions from all such contours. We expect that our con-
struction can be extended to higher dimensions, where
DQPTs in the quench dynamics of a d-dimensional topo-
logical system should be captured by a reduced rate func-
tion and a DTOP defined in (d − 1) dimensions. Our
results thus not only greatly simply experimental detec-
tion of DQPTs in two dimensions, but also paves the way
toward systematic understanding and characterization of
DQPTs in higher dimensions.
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